A bivariate C1 cubic super spline space on Powell–Sabin triangulation  by Chen, Sun-Kang & Liu, Huan-Wen
Computers and Mathematics with Applications 56 (2008) 1395–1401
Contents lists available at ScienceDirect
Computers and Mathematics with Applications
journal homepage: www.elsevier.com/locate/camwa
A bivariate C1 cubic super spline space on Powell–Sabin triangulation
Sun-Kang Chen a,b, Huan-Wen Liu a,∗
a Department of Mathematics and Computer Science, Guangxi University for Nationalities, Nanning, Guangxi 530006, PR China
b Department of Mathematics, Honghe University, Mengzi, Yunnan 661100, PR China
a r t i c l e i n f o
Article history:
Received 8 May 2007
Received in revised form 24 January 2008
Accepted 6 February 2008
Keywords:
Super spline
Macro-element
Powell–Sabin type-1 split
Nodal parameters
Hermite interpolation
a b s t r a c t
A bivariate C1 cubic super spline is constructed on Powell–Sabin type-1 split with the
additional smoothness at vertices in the original triangulation being C2, which permits the
Hermite interpolation up to the second order partial derivatives exactly on all the vertices
in the original triangulation. The locally supported dual basis and computational details
using derivatives around each vertex are given.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Given a regular triangulation 4 of a connected polygonal domain Ω , we denote the set of vertices by V and the set of
triangles byN in4. Let
Srd(4) =
{
s ∈ Cr(Ω) : s|T ∈ Pd,∀T ∈ N } (1)
be the spline function space of smoothness order r and degree d, and
Sr,µd (4) =
{
s ∈ Srd(4) : s ∈ Cµ(v),∀v ∈ V
}
(2)
be the associated super spline subspace with µ > r, where Pd denotes the space of bivariate polynomials of total degree
being at most d.
Due to the simplicity and efficiency in calculation, spline spaces and super spline spaces with lower degree d versus
smoothness order r are more favorable. To obtain spline functions or super spline functions by using a lower degree
piecewise polynomial, it is necessary to refine the original triangulation. The most popular refinements are mainly the
Clough–Tocher split4CT and Powell–Sabin type-1 split4PS1 and type-2 split4PS2.
For the Clough–Tocher split 4CT , [1] studied S2m+1,3m+1,5m+26m+1 (4CT) and S2m,3m,5m+16m+3 (4CT) which additionally contain
function value andderivatives up to a certain order at each splitting point. And they are recently improved by [2] by enforcing
certain individual smoothness conditions across the interior edges of TCT .
For the Powell–Sabin type-1 split4PS1, there are several earlier results, see [3,4] for r = 2 and [4–6] for general r. Lai and
Schumaker [7] studied Sr1,r2,r3d (4PS1) which enforces additional continuity across certain (but not all) interior edges of 4PS1,
these macro-elements use lower degree splines than those used in [6]. Laghchim-Lahlou [8] discussed Sr2r(41PS1) for odd r
and Sr2r+1(41PS1) for even r, where41PS1 is a triangulation obtained by applying the Powell–Sabin type-1 split to each triangle
∗ Corresponding author.
E-mail addresses: sunkang_chen@yahoo.com.cn (S.-K. Chen), mengtian29@163.com (H.-W. Liu).
0898-1221/$ – see front matter© 2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2008.02.044
1396 S.-K. Chen, H.-W. Liu / Computers and Mathematics with Applications 56 (2008) 1395–1401
on the type-1 triangulation 41 of a rectangular domain. Very recently, [9] also constructed a family of Cr macro-elements
on Powell–Sabin type-2 split4PS2.
The bivariate C1 cubic spline space S13(4) plays a very important role in both theory and practical applications. Its
dimension is still open for an arbitrary triangulation. Several dimensional results to the space have been obtained, only
for some special triangulations including three kinds of classical refinements mentioned above, such as S13( ) (see [10]),
S13(4CT) (see [11,12]) and S13(4PS1) (see [13]). However, to the authors’ knowledge, rarely have results on super spline spaces
related to the space S13(4) been found.
In this paper, we shall study the following special C1 cubic super spline space
Sˆ1,23 (4PS1) =
{
s ∈ S13(4PS1) : s ∈ C2(v),∀v ∈ V
}
, (3)
which is different from the general C1 cubic super spline space S1,23 (4PS1) since the super smoothness C2 in Eq. (3) is enforced
at the vertices in the original triangulation4 only, and on the other hand, the super smoothness C2 in S1,23 (4PS1) is enforced at
all the vertices in the refined triangulation4PS1, this in fact make S1,23 (4PS1) degenerate into the trivial spline space S23(4PS1)
according to the Theorem 3 in [14].
We shall firstly give a C1 macro-element on a Powell–Sabin type-1 split of a single triangle, and then derive the dimension
formula of Sˆ1,23 (4PS1), and finally present computational details with derivative conditions.
2. Notation and preliminaries
The key tool used in this paper is the Bernstein–Bézier (B-net) representation [15] for polynomial splines on a
triangulation. Throughout the paper, let T := [u, v,w] be a triangle, we denote the three vertices of T in counterclockwise
direction by u, v andw. Aswe know, every polynomial p ∈ Pd defined on T can bewritten uniquely in the B-net representation
as follows
p(x, y) = ∑
i+j+k=d
cTijkB
d = ∑
i+j+k=d
cTijk
d!
i!j!k!α
iβjγk, (4)
where (α,β, γ) are the barycentric coordinates of (x, y) with respect to the triangle T and {cTijk}i+j+k=d are called the B-net
coefficients. Clearly, each cTijk associates with the domain point
ξTijk := (iu+ jv+ kw)/d,
and thus the B-net coefficients of p on T can be indexed with the set
Dd,T := {ξTijk}i+j+k=d.
It is well-known that the spline space S0d(4) is in one-to-one correspondence with the set of domain points
Dd,4 :=
⋃
T∈4
Dd,T .
Following [16], for any vertex v ∈ V , we define them-th ring around v to be the set
Rm(v) := {domain points which are distance m from v}. (5)
A related concept is the m-th disk around v defined by
Dm(v) :=
m⋃
i=0
Ri(v). (6)
For each ξ ∈ Dd,4, let λξ be the linear functional such that for any spline s ∈ S0d(4),
λξs = the B-net coefficient cξ of s associated with the domain point ξ. (7)
We recall [16] that if S is a linear subspace of S0d(4),M ⊆ Dd,4 is said to be a determining set for S provided that
λξs = 0 for all ξ ∈M, implies s ≡ 0. (8)
Furthermore,M is called aminimal determining set (MDS) for S if there is no other determining set for Swith the cardinality
being smaller than |M|, where |M| denotes the cardinality ofM. Obviously, ifM is a MDS for S, we then have dim S = |M|.
We now introduce a C2 smoothness condition between two adjacent triangles, which is a special case of the general
condition given in [15].
S.-K. Chen, H.-W. Liu / Computers and Mathematics with Applications 56 (2008) 1395–1401 1397
Fig. 1. Left. a C1 macro-element on TPS1; Right. B-net coefficients on a single triangle.
Lemma 1. Let T(1) = [v0, v1, v2] and T(2) = [v0, v1, v3] be two adjacent triangles inR2, they have a common edge v0v1. Suppose
p(x, y) agrees with p1(x, y) ∈ P3 in T(1) and with p2(x, y) ∈ P3 in T(2). Assume that
p1(x, y) =
∑
i+j+k=3
c(1)ijk
3!
i!j!k!τ
i
0τ
j
1τ
k
2, (9)
p2(x, y) =
∑
i+j+k=3
c(2)ijk
3!
i!j!k!τ
i
0τ
j
1τ
k
3, (10)
where (τ0, τ1, τ2) and (τ0, τ1, τ3) are the barycentric coordinates of (x, y) with respect to the triangles T(1) and T(2), respectively.
Then p(x, y) ∈ C1(T(1) ⋃ T(2)) if and only if the following smoothness conditions
c(2)i,j,0 = c(1)i,j,0, i+ j = 3, (11)
c(2)i,j,1 = α¯c(1)i+1,j,0 + β¯c(1)i,j+1,0 + γ¯c(1)i,j,1, i+ j = 2, (12)
hold, where (α¯, β¯, γ¯) are the barycentric coordinates of v3 with respect to the triangle T(1). In addition, p(x, y) ∈ C2(v1) if and
only if Eqs. (11)–(12) together with the following smoothness condition hold
c(2)012 = α¯2c(1)210 + β¯2c(1)030 + γ¯2c(1)012 + 2β¯γ¯c(1)021 + 2α¯β¯c(1)120 + 2α¯γ¯c(1)111. (13)
3. Macro-elements
In this section, we construct a C1 macro-element associated with the Powell–Sabin type-1 split TPS1 of a single triangle
T = [v1, v2, v3]. We consider the related super spline space
Sˆ1,23 (TPS1) =
{
s ∈ S13(TPS1) : s ∈ C2(vi), i = 1, 2, 3
}
. (14)
Theorem 1. dim Sˆ1,23 (TPS1) = 18, and the set MT consisting of all the domain points associated with the following B-net
coefficients is a MDS for Sˆ1,23 (TPS1)
c(v,vl,wl)ijk , j ≥ 1, i+ j+ k = 3, l = 1, 2, 3. (15)
Proof. We first prove that MT is a determining set for Sˆ1,23 (4PS1). Suppose s ∈ Sˆ1,23 (TPS1) whose B-net coefficients
corresponding to points in MT are set to prescribed values, we now show that all the remaining B-net coefficients of s
associated with domain points inD3,TPS1 \MT are uniquely determined, see Fig. 1.
(1) Since s ∈ C2(vi), we have
c
[v,vi,wi−1]
021 = α¯ic[v,vi,wi]120 + β¯ic[v,vi,wi]030 + γ¯ic[v,vi,wi]021 ,
c
[v,vi,wi−1]
111 = α¯ic[v,vi,wi]210 + β¯ic[v,vi,wi]120 + γ¯ic[v,vi,wi]111 ,
c
[v,vi,wi−1]
012 = α¯2i c[v,vi,wi]210 + β¯2i c[v,vi,wi]030 + γ¯2i c[v,vi,wi]012 + 2β¯iγ¯ic[v,vi,wi]021 + 2α¯iβ¯ic[v,vi,wi]120 + 2α¯iγ¯ic[v,vi,wi]111 ,
(16)
for i = 1, 2, 3, where (α¯i, β¯i, γ¯i) are the barycentric coordinates of wi−1 with respect to the triangle [v, vi,wi], and w0 = w3.
1398 S.-K. Chen, H.-W. Liu / Computers and Mathematics with Applications 56 (2008) 1395–1401
Fig. 2. A minimal determining set of the C1 cubic super spline space Sˆ1,23 (4PS1).
(2) Following the C1 smoothness conditions along edges [v,wi], i = 1, 2, 3, we have
c[wi,v,vi]300 =
[
(1+ ki)c[wi,v,vi]201 − c[wi,v,vi+1]201
]
/ki,
c[wi,v,vi]210 =
[
(1+ ki)c[wi,v,vi]111 − c[wi,v,vi+1]111
]
/ki,
c[wi,v,vi]120 =
[
(1+ ki)c[wi,v,vi]021 − c[wi,v,vi+1]021
]
/ki,
(17)
where ki = |wivi+1|/|wivi|, v4 = v1.
Finally, the B-net coefficient cv associated with the incenter v of T can be expressed as following
cv =
(
c
[v,v1,w3]
201 − β¯1c[v,v1,w1]210 − γ¯1c[v,v1,w1]201
)
/α¯1.
HenceMT is a determining set for Sˆ1,23 (TPS1). Since Sˆ
1,2
3 (TPS1) is a subspace of S13(TPS1) which requires 3 additional conditions
similar to (13), we have
dim S13(TPS1)− 3 ≤ dim Sˆ1,23 (TPS1) ≤ |MT | = 18. (18)
It is noted that TPS1 is a quasi cross-cut partition [17] and therefore dim S13(TPS1) = 21, it follows from Eq. (18) that
dim Sˆ1,23 (TPS1) = 18. \
In terms of nodal parameters, we can get the following theorem.
Theorem 2. Let Sˆ1,23 (TPS1) be the spline space defined in (14), then any spline s ∈ Sˆ1,23 (TPS1) is uniquely determined by the following
set of data{
Dαx D
β
y s(vi)
}
0≤α+β≤2 , i = 1, 2, 3. (19)
Proof. It is well-known [18] that setting this nodal data is equivalent to setting the B-net coefficients listed in Theorem 1.
The computational details will be given in Section 5. \
4. Hermite interpolation of scattered data
In this section, we briefly examine the use of our C1 macro-element for interpolation of Hermite data at a set of scattered
points V := {(xi, yi)}|V|i=1. Our aim is to construct a C1 super spline which interpolates these data.
We begin by triangulating the data points. Let 4 be a triangulation with vertices at the point set V . Let 4PS1 be the
triangulation obtained from 4 by applying Powell–Sabin type-1 split to each triangle in 4. We now consider the super
spline space Sˆ1,23 (4PS1) defined in (3).
Theorem 3. dim Sˆ1,23 (4PS1) = 6|V|.
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Proof. LetM be the set of the following domain points in S03(4PS1):♣ For each vertex v ∈ V , let T be any triangle of 4PS1 which is attached to v. Then we choose all 6 domain points in
D2(v)
⋂
T, see Fig. 2.
Clearly, |M| = 6|V|, which is precisely the dimension showed in Theorem 3. Setting the B-net coefficients cξ of s for
ξ ∈ M to prescribed values, we can use the smoothness conditions to uniquely determine all remaining coefficients in the
disk D2(vi), i = 1, . . . , |V|. Then the remaining coefficients in each triangle can be uniquely computed as in the proof of
Theorem 1. This shows thatM is a determining set.
For each ξ ∈M, we construct a spline Bξ such that
ληBξ = δη,ξ, η ∈M. (20)
Following the proof described above, we can compute all the B-net coefficients of Bξ and check that Bξ ∈ Sˆ1,23 (4PS1). Clearly
all the splines Bξ are linearly independent, and since dim Sˆ1,23 (4PS1) ≤ 6|V|, we conclude that they form a basis for Sˆ1,23 (4PS1),
and dim Sˆ1,23 (4PS1) = 6|V|. It is easy to see that Bξ has a local support, which is contained in the union of all triangles of 4
sharing the vertex v, i.e., supp(Bξ) ⊆ star(v), where v is the closest vertex to the domain point ξ. \
In the following, we consider the Hermite interpolation problem.
Theorem 4. For any function f which is sufficiently smooth so that the needed derivatives exist, there is a unique spline s ∈
Sˆ1,23 (4PS1) such that
Dαx D
β
y s(xi, yi) = Dαx Dβy f (xi, yi), 0 ≤ α+ β ≤ 2, i = 1, . . . , |V|. (21)
Proof. For each triangle T of 4, the interpolant s can be constructed locally since the given data uniquely determine the
nodal data of Theorem 2. \
5. Computational details
In this section, we give the computational details mentioned in the proof of Theorem 2. For a single triangle shown in
Fig. 1, suppose the following conditions have been given
f (v1),
∂f
∂x
(v1),
∂f
∂y
(v1),
∂2f
∂x2
(v1),
∂2f
∂y2
(v1),
∂2f
∂x∂y
(v1),
then we compute all the B-net coefficients in D2(v1) by using these conditions.
From the directional derivatives at v1 along the edge [v1, v2], we have [18]
Dv1v2 f (v1) = 3
∑
i+j+k=2
412 cijkB2ijk(v1)
= 3 ∑
i+j+k=2
(ci+1,j,k − ci,j+1,k)B2ijk(v1)
= 3(c300 − c210). (22)
We also have
Dv1v2 f (v1) = (x2 − x1)
∂f
∂x
(v1)+ (y2 − y1) ∂f
∂y
(v1). (23)
Since c300 = f (v1), equating (22) and (23) yields
c210 = f (v1)− 13
[
(x2 − x1) ∂f
∂x
(v1)+ (y2 − y1) ∂f
∂y
(v1)
]
. (24)
Similarly, we use the derivatives at v1 along the edge [v1, v3] to obtain
Dv1v3 f (v1) = 3(c300 − c201),
Dv1v3 f (v1) = (x3 − x1)
∂f
∂x
(v1)+ (y3 − y1) ∂f
∂y
(v1),
(25)
and thus we have
c201 = f (v1)− 13
[
(x3 − x1) ∂f
∂x
(v1)+ (y3 − y1) ∂f
∂y
(v1)
]
. (26)
From the directional derivatives at v1 along the edge [v1, v2], we have
D2v1v2 f (v1) = 6
∑
i+j+k=1
412412 cijkB1ijk(v1),
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where412 cijk = (ci+1,j,k − ci,j+1,k). Then we have
4212 cijk = 412(ci+1,j,k − ci,j+1,k)
= 412 ci+1,j,k −412 ci,j+1,k
= (ci+2,j,k − ci+1,j+1,k)− (ci+1,j+1,k − ci,j+2,k)
= ci,j+2,k − 2ci+1,j+1,k + ci+2,j,k, (27)
and
D2v1v2 f (v1) = 6(c120 − 2c210 + c300). (28)
Since
D2v1v2 f (v1) = Dv1v2
[
(x2 − x1) ∂f
∂x
(v1)+ (y2 − y1) ∂f
∂y
(v1)
]
= (x2 − x1)
[
(x2 − x1) ∂
2f
∂x2
(v1)+ (y2 − y1) ∂
2f
∂y∂x
(v1)
]
+ (y2 − y1)
[
(x2 − x1) ∂
2f
∂y∂x
(v1)+ (y2 − y1) ∂
2f
∂y2
(v1)
]
= (x2 − x1)2 ∂
2f
∂x2
(v1)+ (x2 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)
+ (x2 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)+ (y2 − y1)2 ∂
2f
∂y2
(v1)
= (x2 − x1)2 ∂
2f
∂x2
(v1)+ 2(x2 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)+ (y2 − y1)2 ∂
2f
∂y2
(v1), (29)
equating (28) and (29) yields
c120 = 2c210 − f (v1)+ 16
[
(x2 − x1)2 ∂
2f
∂x2
(v1)+ 2(x2 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)+ (y2 − y1)2 ∂
2f
∂y2
(v1)
]
. (30)
From the directional derivatives at v1 along the edge [v1, v3], we have
D2v1v3 f (v1) = 6
∑
i+j+k=1
413413 cijkB1ijk(v1),
where413 cijk = (ci+1,j,k − ci,j,k+1). Then we obtain
4213 cijk = 413(ci+1,j,k − ci,j,k+1)
= 413 ci+1,j,k −413 ci,j,k+1
= (ci+2,j,k − ci+1,j,k+1)− (ci+1,j,k+1 − ci,j,k+2)
= ci,j,k+2 − 2ci+1,j,k+1 + ci+2,j,k (31)
and
D2v1v3 f (v1) = 6(c102 − 2c201 + c300). (32)
Similar to (29), we have
D2v1v3 f (v1) = (x3 − x1)2
∂2f
∂x2
(v1)+ 2(x3 − x1)(y3 − y1) ∂
2f
∂y∂x
(v1)+ (y3 − y1)2 ∂
2f
∂y2
(v1). (33)
Equating (32) and (33) yields
c102 = 2c201 − f (v1)+ 16
[
(x3 − x1)2 ∂
2f
∂x2
(v1)+ 2(x3 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)+ (y3 − y1)2 ∂
2f
∂y2
(v1)
]
. (34)
Using directional derivatives we have
Dv1v3Dv1v2 f (v1) = 6
∑
i+j+k=1
413412 cijkB1ijk(v1).
Since
413412 cijk = 413(ci+1,j,k − ci,j+1,k)
= 413 ci+1,j,k −413 ci,j+1,k
= (ci+2,j,k − ci+1,j,k+1)− (ci+1,j+1,k − ci,j+1,k+1), (35)
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we obtain
Dv1v3Dv1v2 f (v1) = 6(c111 − c210 − c201 + c300). (36)
Now since
Dv1v3Dv1v2 f (v1) = Dv1v3
[
(x2 − x1) ∂f
∂x
(v1)+ (y2 − y1) ∂f
∂y
(v1)
]
= (x2 − x1)
[
(x3 − x1) ∂
2f
∂x2
(v1)+ (y3 − y1) ∂
2f
∂y∂x
(v1)
]
+ (y2 − y1)
[
(x3 − x1) ∂
2f
∂y∂x
(v1)+ (y3 − y1) ∂
2f
∂y2
(v1)
]
= (x2 − x1)(x3 − x1) ∂
2f
∂x2
(v1)+ (y2 − y1)(x3 − x1) ∂
2f
∂y∂x
(v1)
+ (x2 − x1)(y3 − y1) ∂
2f
∂y∂x
(v1)+ (y2 − y1)(y3 − y1) ∂
2f
∂y2
(v1), (37)
we have
c111 = c210 + c201 − f (v1)+ 16 (x2 − x1)(x3 − x1)
∂2f
∂x2
(v1)
+1
6
(x3 − x1)(y2 − y1) ∂
2f
∂y∂x
(v1)+ 16 (x2 − x1)(y3 − y1)
∂2f
∂y∂x
+ 1
6
(y2 − y1)(y3 − y1) ∂
2f
∂y2
(v1). (38)
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